A Lorentz invariant version of a mass-gap graphene-like planar quantum electrodynamics, the parity-preserving U (1) × U (1) massive QED3, exhibits attractive interaction in low-energy electronpolaron-electron-polaron s-wave scattering, favoring quasiparticles bound states, the s-wave bipolarons.
The Lorentz invariant version of mass-gap graphenelike planar quantum electrodynamics, the parity-even U (1) A × U (1) a massive QED 3 , is defined by the action:
where / Dψ ± ≡ (/ ∂ + ie / A ± ig/ a)ψ ± , and any object / X ≡ X µ γ µ . The coupling constants e and g are dimensionful, with mass dimension 1 2 , and, m and µ are mass parameters with mass dimension 1. Also, F µν = ∂ µ A ν − ∂ ν A µ and f µν = ∂ µ a ν − ∂ ν a µ , are the field strengths associated to the electromagnetic field (A µ ) and the Néel gauge field (a µ ), respectively, ψ + and ψ − are two kinds of fermions -each of them describing electron polarons (electronphonon) and hole polarons (hole-phonon) quasiparticles -where the ± subscripts are related to their spin sign [13] , and the gamma matrices are γ µ = (σ z , −iσ x , iσ y ).
A. The symmetries: parity and U (1) × U (1)
The CPT-even action (1) is invariant under:
1. parity symmetry (P ):
2. gauge U (1) A × U (1) a symmetry (δ g ):
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B. The spectrum: degrees of freedom, spin, masses and charges
The free Dirac equations associated to ψ + and ψ − , which stem from the action (1), read:
So, by expanding the operators ψ + and ψ − in terms of the c-number plane wave solutions of the Dirac equations, with operator-valued amplitudes, a + , b + , a − and b − (annihilation operators), and a †
where (4) and (5)- (6), by assuming p µ = (E, p x , p y ), the wave functions, u + , v + , u − and v − , are given by:
satisfying the following conditions: 
are the momenta space solutions of the Dirac equations at the particle rest-frame, p µ = (m, 0). The microcausality conditions for ψ + and ψ − :
together with the Dirac equations (4) and the normalization conditions (9)- (10), implies that:
where all other anticommutators vanish and, for the vacuum state |0 , a ± (k)|0 = b ± (k)|0 = 0. The quantum operators associated to space-time (SO(1, 2)) symmetry and internal (U (1) A × U (1) a ) symmetry, spin (S), electric charge (Q ± ) and Néel (chiral) charge (q ± ), are 
where
which means that, a † + (a † − ) creates a spin-up (spin-down) fermion (electron polaron) and b † + (b † − ) creates a spindown (spin-up) antifermion (hole polaron). Moreover, from the results above, for any fermion or antifermion (spin up or down) quantum state |ψ , it is verified that
which proves the correlation among spin and chiral charge (see TABLE I ). In the low-energy limit (Born approximation), the twoparticle scattering potential is given by the Fourier transform of the two-particle t-channel scattering amplitude electron polaron
hole polaron (direct scattering) [14] . However, so as to compute the scattering amplitudes, use has been made of the propagators. Hence, switching off the coupling constants (e and g), the tree-level propagators in momenta space, for all the fields, read: 
Then, by taking the imaginary part of the residues of the currentcurrent amplitudes, A ΦiΦj , at the poles, it can be probed the necessary conditions for unitarity -positive imaginary part of the residues of the transition amplitudes, Res A ΦiΦj > 0, as a consequence of the S-matrix be unitary -at the tree-level and the counting of the degrees of freedom described by the fields, Φ i = (ψ + , ψ − , A µ , a µ ). In summary, it has been concluded [15] that the two kind of fermions, ψ + and ψ − , hold two massive degrees of freedom with mass m -the electron-polaron |f (v − ) associated to the spinor ψ − . Also, the vector fields, the electromagnetic field (A µ ) and the Néel gauge field (a µ ), carry each one two massive degrees of freedom with mass µ, moreover, it shall be noticed that the single massless mode in model, displayed in ∆ µν Aa , does not propagate, it decouples. From the results presented above, it can be concluded that the the parity-preserving U (1) × U (1) massive QED 3 is free from tachyons and ghosts at the classical level. Nevertheless, to have full control of the unitarity at tree-level, it is still necessary to study the behaviour of the scattering cross sections in the limit of high center of mass energies, by analyzing the Froissart-Martin bound [16] .
III. THE MØLLER SCATTERING
In order to calculate the scattering amplitudes, it remains the vertex Feynman rules associated to the interaction vertices −eψ ± / Aψ ± and ∓gψ ± / aψ ± : Υ The t-channel e − -polaron-e − -polaron Møller scattering amplitudes mediated by the electromagnetic and the Néel quanta (see FIG. 1 ) are given by:
Furthermore, in the center of mass (CM) reference frame, the three-momenta configuration of the two scattered fermions, p 1 , p 2 , p 1 and p 2 , so as the momentum transfer, k, are fixed as
where ϕ is the CM scattering angle, defined as the angle among the directions in the CM frame of the two incoming (initial state) and outgoing (final state) fermions.
The total s-and p-wave Møller scattering amplitudes can now be derived from the partial ones (27)-(30) in the low-energy approximation, M s (|↑ + |↓ → |↑ + |↓ ) and M p (|↑ + |↑ → |↑ + |↑ or |↓ + |↓ → |↓ + |↓ ), where, by assuming the momenta configuration above (31)-(33), it follows that:
A. Scattering potentials
In the low-energy (nonrelativistic) limit, the twoparticle interaction potential, in the Born approximation, is nothing but the two-dimensional Fourier transform of the lowest-order two-particle M scattering amplitude:
Accordingly to the Born approximation (36), the electron-polaron-electron-polaron s-and p-wave scattering potentials, mediated by the photon and the Néel quasiparticle, read:
Thereafter, it can be concluded from (38) that, regardless the values of the electromagnetic and the chiral coupling constants -e and g, respectively -the e − -polaron-e − -polaron interaction in p-wave state (|↑ +|↑ or |↓ +|↓ ) is always repulsive. Nevertheless, from (37), it shall be stressed about the possibility of attractive e − -polarone − -polaron interaction in s-wave state (|↑ + |↓ ) provided g 2 > e 2 . In this case, where g 2 > e 2 , the s-wave interaction potential V s (r) is attractive,
however, this is not a sufficient condition for the existence of bound states.
B. Bound states
Beyond the attractive nature, provided that g 2 > e 2 , of s-wave interaction potential (39) it has to be weak in the sense of Kato [9] ,
so as to satisfy the Newton-Setô and the Bargmann bounds [10, 11] , which guarantee bound states and establish an upper bound for their number (N 0 ) for vanishing angular momentum (l = 0):
and upper bound for their number (N l ) for nonvanishing angular momentum (l = 0):
respectively, whereh = 1 and µ r = m 2 is the e − -polarone − -polaron reduced mass.
It has been proved elsewhere [17] that, whenever an interaction potential of the type V(r) = CK 0 (µr) is attractive (C < 0), it satisfies the following criteria: the weakness in the sense of Kato (40) ; the Newton-Setô bound (41) for l = 0; and the Bargmann bound (42) for all l such that l ≤ l m = µr|C| h 2 µ 2 (where x is the floor function of x). In the same manner, by means of the effective potential V eff (r) =h
+ V(r) with 0 ≤ l ≤ l m , it can be figured out that bound states arise ( see FIG.  2) . In addition to, it shall be stressed that these fulfilled conditions, (40), (41) and (42), guarantee the existence of bound states for any kind of three-dimensional spacetime model which exhibits scattering potential of the type V(r) = CK 0 (µr) (C < 0).
FIG. 2. The effective e
− -polaron-e − -polaron interaction potential, which for the s-wave case, C < 0, V eff (r) is attrative, if 0 ≤ l ≤ lm (solid line), and repulsive, if l > lm (dashed line).
IV. CONCLUSIONS
In conclusion, the parity-preserving U (1) × U (1) massive QED 3 , a mass-gap graphene-like planar quantum electrodynamics model, yields in low-energy electronpolaron-electron-polaron s-wave scattering an attractive interaction, with the scattering potential given by V s (r) = − 1 2π g 2 − e 2 K 0 (µr) (39), whenever the e − -polaron-Néel-field coupling strength (|g|) be stronger than the strength of e − -polaron-photon-field coupling (|e|), g 2 > e 2 . Moreover, owing to the fact that the s-wave attractive scattering potential (39) satisfies the Kato condition [9] , and the Newton-Setô and the Bargmann upper bounds [10, 11] , electron-polaronelectron-polaron quasiparticles bound states may emerge, namely, the s-wave bipolarons.
